It is well known that on a Riemannian manifold, there is a deep interplay between geometry, harmonic function theory, and the long-term behaviour of Brownian motion. Negative curvature amplifies the tendency of Brownian motion to exit compact sets and, if topologically possible, to wander out to infinity. On the other hand, non-trivial asymptotic properties of Brownian paths for large time correspond with non-trivial bounded harmonic functions on the manifold. We describe parts of this interplay in the case of negatively curved simply connected Riemannian manifolds. Recent results are related to known properties and old conjectures.
Introduction
In complex analysis the desire to understand how geometry of a complex manifold influences its complex structure has been a guiding inspiration for decades. A typical problem in this direction is the following question. Even if complete answers to these questions is not in sight, it seems fair to say that such problems have directly or indirectly inspired a huge part of work done in these areas. Concerning Question 2, under the given assumptions, it is still not known in general whether there exist non-trivial bounded harmonic functions at all. This leads us to the famous conjecture of Greene and Wu which claims existence of non-trivial bounded harmonic functions under slightly more refined curvature conditions. From a probabilistic point of view, the conjecture of Greene and Wu concerns the eventual behaviour of Brownian motion on Cartan-Hadamard manifolds as time tends to infinity. We briefly sketch the relation with Brownian motion. Indeed, for any Riemannian manifold, we have the following well-known probabilistic characterization.
Conjecture

Lemma 1.1. For a Riemannian manifold (M, g) the following two conditions are equivalent: i) There exist non-constant bounded harmonic functions on M . ii) Brownian on (M, g) has non-trivial exit sets, i.e., if X is a Brownian motion on M then there exist open subsets
More precisely, Brownian motion X on M may be realized on the space C(R + ,M ) of continuous paths with values in the 1-point compactificationM of M , equipped with the filtration F t = σ{X s = pr s |s ≤ t} generated by the coordinate projections pr s up to time t. Let ζ = sup{t > 0 : X t ∈ M } be the lifetime of X and let F inv denote the shift-invariant σ-field on C(R + ,M ). Then there is a canonical isomorphism between the space H b (M ) of bounded harmonic functions on M and the set bF inv of bounded F inv -measurable random variables up to equivalence, given as follows:
(1.1) (Bounded shift-invariant random variables are considered as equivalent, if they agree P x -a.e., for each x ∈ M . Here P x denotes the law of Brownian motion starting at x.) Note that the isomorphism (1.1) is well defined by the martingale convergence theorem; the inverse map to (1.1) is given by taking expectations:
(1.2)
